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A generalized parallel pore and surface diffusion model for rnulticomponent adsorp- 
tion and liquid chromatography is formulated and solved numerically. Analytical solu- 
tion for first- and second-order central moments for a pulse on a plateau input is used 
as benchmarks for the numerical solutions. Theoretical predictions are compared with 
experimental data for two systems: ion-exchange of strontium, sodium, and calcium in a 
zeolite and competitive adsorption of two organics on activated carbon. In a linear 
isotherm region of single-component systems, both surface and pore difSsion cause 
symmetric spreading in breakthrough curves. In a highly nonlinear isotherm region, 
however, surface diffusion causes pronounced tailing in breakthrough curves; the larger 
the step change in concentration, the more pronounced tailing, in contrast to relatively 
symmetric breakthroughs due to pore diffusion. If only a single diffusion mechanism is 
assumed in analyzing the data of parallel diffusion systems, a concentration-dependent 
apparent surface diffusivity or pore difisivity results; for a convex isothem, the appar- 
ent surface diffusivity increases, whereas the apparent pore diffusivity decreases with 
increasing concentration. For a multicomponent nonlinear system, elution order can 
change $pore difision dominates for a low-afinity solute, whereas sueace diffusion 
dominates for a high-afinity solute. 

Introduction 
Liquid chromatography and adsorption processes have 

been employed extensively in large scale for chemical and 
biochemical recovery and purification (Wankat, 1986; Belter 
et al., 1988; Dechow, 1989; Asenjo, 1990). In most of the 
large-scale processes, relatively large porous particles 
(SO-1,000 p m  in diameter) are used to reduce pressure drop 
and sorbent cost. Intraparticle diffusion is usually the rate- 
limiting step in these systems and it controls the sharpness of 
breakthrough curves and elution bands. 

For low-affinity solutes in macroporous sorbents, pore dif- 
fusion is usually the dominant intraparticle diffusion mecha- 
nism (Furuya et al., 1989). However, many applications re- 
quire sorbents that have high capacities and high selectivities 
for the solutes of interest, because recovery and purification 
of products can be achieved using a small amount of sor- 
bents. Adsorption of organics on activated carbon in waste 
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water treatment is a typical example (Thacker et al., 1984). 
For a high-affinity solute, surface concentration can be higher 
than pore concentration by orders of magnitude. Although 
surface diffusivity is usually smaller than pore diffusivity by 
one or two orders of magnitude (Suzuki, 1990), a high surface 
concentration gradient can result in a large surface diffusion 
flux that is much greater than a pore diffusion flux. If a pore 
diffusion model is used to estimate pore diffusion coefficients 
in such systems, the resulting values can be erroneously large, 
sometimes even larger than Brownian diffusivities for high- 
affinity solutes. If a single diffusion model is used in analyz- 
ing the data of a parallel diffusion system, the resulting diffu- 
sion coefficient may depend strongly on feed concentration 
(Yoshida et al., 1994). Furthermore, in most applications, 
multiple competing adsorbates are present and they may have 
different diffusion mechanisms, which affect directly their 
competitive adsorption and distribution in a column. For 
these reasons, a multicomponent chromatography model for 
parameter estimation and scale-up should take into account 
both diffusion mechanisms in order to be useful for a wide 
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Table 1. Key References on Combined Diffusion Model 

Adsorption No. of Mathematicall Solution Oper. 
Isotherms Sorbent Adsorbate Solutes Treatment Method Mode 

1 Analytical Analytical Fix bed - Masamune et al. (1965) - Linear 

Brecher et al. (1967) 

Schneider and Smith 

Mansour et al. (1982) 

Fritz et al. (1980) 

Merk et al. (1980) 

Thacker et al. (1984) 

Do and Rice (1987) 

Yoshida et al. (1994) 

(1968a,b) 

Current Work 

B.E.T. Silica gel 

Linear Silica gel 

Langmuir Activated carbon 
Freundlich 

Langmuir Activated carbon 
Freundlich 

Langmuir Activated carbon 
Freundlich 

Freundlich Activated carbon 
IAS 
- - 

Langmuir Chitosan 

SPT Activated 
carbon 

Mass Zeolite 

Organics 

Organics 

Organics 

Organics 

Organics 

Organics 

- 

BSA 

Organics 

cs+ Sr++ ions 

1 

1 

3 

2 

2 

2 

1 

1 

2 

3 

numerical 

Numerical 

Moment 
analysis 

Numerical 

Numerical 

Numerical 

Numerical 

General model 
formulation 

Numerical 

General model 
formulation 
Benchmark 

numerical against 

Finite 
difference 

Analytical 

Finite 
difference 

Finite 
difference 

Finite 
difference 

Collocation 

- 

Finite 
difference 

OCFE 

frontal 

Batch 

Fix bed 
pulse 

Fix bed 
frontal 

Batch 

Fix bed 
frontal 

Fix bed 
frontal 

Batch 

Fix bed 

Frontal. uulse. 
Action analytical soiution sequential loading 

range of applications. Development of such a model and fun- 
damental understanding of the coupled adsorption and intra- 
particle transport phenomena in multicomponent systems are 
major goals of this study. 

Surface diffusion in gas-phase adsorption systems is well 
documented, extensively studied, and reviewed by Ruthven 
(1984) and Kapoor et al. (1989). Compared to gas-phase sys- 
tems, the mechanism of surface diffusion in liquid-phase ad- 
sorption systems is not as well understood, and relatively lit- 
tle data on surface diffusivities are available. This can be at- 
tributed to the lack of in-situ experimental techniques for de- 
termining the intrinsic surface diffusivities of solutes at liq- 
uid/solid interfaces. Most studies employ indirect methods in 
determining surface diffusivities in liquid systems. For exam- 
ple, batch-rotating basket and Wicke-Kallenbach experi- 
ments were used to estimate surface diffusivities of organic 
solutes in activated carbon (Komiyama and Smith, 1974; 
Suzuki and Takao, 1982). Others have inferred surface diffu- 
sivities of organics by matching breakthrough curves with 
model predictions (Dedrick and Beckmann, 1967; Merk et 
al., 1980; Thacker et al., 1984). Pulse data have also been 
used to estimate surface diffusivities of organics in a modi- 
fied silica gel using moment analysis (Miyabe and Suzuki, 
1992). Only recently, direct measurements of surface diffusiv- 
ity of a protein, bovine serum albumin (BSA) have been 
achieved using a laser fluorescence technique (Tilton et al., 
1990a,b). Other studies in batch adsorption experiments have 
shown evidence of parallel pore and surface diffusion of BSA 
in basic chitosan particles (Yoshida et al., 1994), and ion ex- 
change of Cs+, Sr++, Ca++, and Mg++ in zeolites (Robinson 
et al., 1994). 

In the study of intraparticle diffusion, basically three types 
of models are commonly considered: (1) pore diffusion 

(Schneider and Smith, 1968a; Berninger et a]., 1991); (2)  sur- 
face diffusion (Crittenden et al., 1980); and (3) pore and sur- 
face parallel diffusion in batch adsorption processes (Liapis 
and Rippin, 1977; Hu and Do, 1994). The key references for 
parallel diffusion models for both batch and fixed-bed 
processes are summarized in Table 1. Most of the previous 
works have focused on interpreting experimental data from 
batch tests or breakthroughs. Little has been done on the 
comparison of pore diffusion, surface diffusion, and parallel 
diffusion in multicomponent chromatography systems. 

In this article, a versatile parallel pore and surface diffu- 
sion model for multicomponent systems has been formulated 
and solved numerically for various fixed-bed operations, 
which include frontal, pulse, and sequential loading. Two an- 
alytical solutions for elution of a small pulse are obtained 
from moment analysis for locally linearized kinetic and 
isotherm systems. The analytical solutions are used as bench- 
marks for the numerical solutions in order to ensure accuracy 
and convergence of the latter. By solving the model equa- 
tions, we can compare the fundamental chromatography dy- 
namics and breakthrough behavior for pore diffusion, surface 
diffusion, and parallel diffusion cases. In nonlinear isotherm 
regions, surface diffusion results in asymmetric and more dis- 
persed breakthrough curves in contrast to symmetric and 
sharp breakthroughs due to pore diffusion. In a binary sys- 
tem, elution order in breakthrough cu,rves may change if 
transport of the low-affinity solutes is dominated by pore dif- 
fusion, whereas that of the high-affinity solutes is by surface 
diffusion. Simulations are used to analyze experimental data 
from two systems-adsorption of two organics on activated 
carbon for waste water treatment and ion exchange of stron- 
tium for nuclear waste treatment. Insight gained from this 
study will help design experiments to understand the intra- 
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particle diffusion mechanisms from breakthrough data. Fur- 
thermore, the general model and associated simulation pro- 
gram can serve as a useful tool for design, optimization, and 
scale-up for multicomponent nonlinear systems. 

Theory 
Before discussing the assumptions needed for model for- 

mulation, we first introduce the physical processes consid- 
ered in this model. Convection along the column axial direc- 
tion and axial dispersion are the mass transport mechanisms 
in the bulk phase. Molecules from the bulk interstitial phase 
are transported via axial convection and Brownian diffusion 
(film diffusion) onto the particle surface. Inside the particle, 
molecules can diffuse into the inner portion of a particle via 
surface diffusion, pore diffusion, or both, while slow adsorp- 
tion/desorption (nonequilibrium) from the sorbent sites oc- 
curs concomitantly. Nonequilibrium adsorption is considered 
because the intrinsic adsorption or desorption rates of 
biomolecules can be slow compared to the mass-transfer rates 
(which include axial convection, film diffusion, and intra- 
particle diffusion). Their liquid phase and solid phase con- 
centrations cannot be related by equilibrium isotherms, and 
must be related by intrinsic kinetic equations (Jin et al., 1994). 

To formulate a generalized model corresponding to the 
aforementioned physical processes, we need to make the fol- 
lowing assumptions: (1) homogeneous packing; ( 2 )  plug flow 
with constant linear velocity along the column; (3) constant 
temperature along the column; (4) homogeneous pore size 
distribution; (5 )  pore and surface diffusion can occur in par- 
allel with constant diffusion coefficients. In reality, a bed is 
often packed with polydispersed particles; it has been shown, 
however, that axial dispersion in a packed bed with polydis- 
persed particles can be modeled as a packed bed with 
monodispersed particles using an effective axial dispersion 
coefficient (Yeroshenkova et al., 1983). Resin pellets are of- 
ten porous with macro- and micropores; previous studies have 
shown that particles with bidispersed pores can be approxi- 
mated with homogeneous pore distribution with an effective 
pore diffusivity (Neogi and Ruckenstein, 1980; Whitaker, 
1988). Therefore, a model based on these assumptions is a 
reasonable approximation for many systems. 

Equations for the generalized model 
Mass Balance for the Mobile Phase. The transport equa- 

tion for a solute in the mobile phase in column chromatogra- 
phy has been discussed before (Aris, 1959; Aris and Amund- 
son, 1973; Berninger et al., 19911, and can be given as 

where cbi and cpi are the mobile and pore phase concentra- 
tions of the ith component, respectively; u,, is the interstitial 
linear velocity; Ebi is the axial dispersion coefficient, and k ,  
is the film mass-transfer coefficient. The initial and boundary 
conditions are written as 

where cf i  is the inlet concentration of the ith component, 
and it can be a linear or stepwise function of time, which 
corresponds to different operation modes, such as frontal, 
pulse, or sequential loading. 

Fickian diffusion is as- 
sumed for pore diffusion transport (Schneider and Smith, 
1968b; Komiyama and Smith, 1974; Do and Rice, 1987). The 
mass-balance equation for the pore phase in a spherical par- 
ticle can then be written as 

Mass Balance for the Pore Phase. 

where yli is the net adsorption rate. Its explicit form is de- 
scribed in detail in the section on Adsorption Kinetics. The 
initial and boundary conditions are 

dcpi dqi 
E D . - - + ( l - ~ ~ ) D ~ ~ - = k ~ ~ ( c ~ ~ - c ~ ~ )  r = R  

p i  dr d r  

i = l , 2 ,  ... , N (4b) 

''pi -- - 0  r = O .  
dr 

Equation 4b is derived from a mass balance on a control sur- 
face at r = R .  Details are given in Appendix A. 

The mass-balance equa- 
tion for the adsorbed solutes is derived from a shell balance 
within a particle as follows: 

Mass Balance for the Solid Phase. 

d qi 1 d  _-  
d t  

Here D, is the surface diffusion coefficient, and qi is the 
adsorbate concentration based on per solid sorbent volume. 
The D,, defined in Eq. 5,  is proportional to the intrinsic sur- 
face diffusion coefficient defined on the basis of concentra- 
tion gradient per surface area. The 0, defined here and the 
D, based on per surface area are related by a tortuosity fac- 
tor for surface transport (Komiyama and Smith, 1974). 

The initial condition is 

and two boundary conditions are proposed below: 

dqi -= 
dr r = O  t E [0,00] (7a) 

r =  R t E [0,00]. (7b) 
2Dsi dqi 

- y l j  + - - 
at R d r  

d q i  -- 
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The boundary condition, Eq. 7b, is derived from mass bal- 
ance; it states that the rate of change of qi at r = R is a 
result of net adsorption and surface diffusion. Detailed 
derivation of this equation is given in Appendix A. 

Notice that Eq. 7b is different from those reported in the 
literature. Aris (1983) and Riekert (1985) proposed that the 
solid phase concentration gradient be set to zero at r = R.  

This condition is equivalent to assuming only pore diffusion 
at the particle boundary. It is inappropriate for a general par- 
allel diffusion model, because in the case of surface diffusion 
only, that is, Dp = 0, the Dp(dcp/dr) I r = R  term in Eq. 4b van- 
ishes, resulting in no mass transfer into the particles, thus, no 
adsorption within the particle. Therefore, this boundary con- 
dition cannot be used for the general model proposed in this 
study. 

Do and Rice (1987) assumed that the rate of change in q 
at r = R is only balanced by adsorption, that is ( d q / d t )  I r = R  

= y ,  is proposed as a boundary condition. This condition, 
however, implies that change in q at r = R is purely due to 
net adsorption. It is inconsistent with Eq. 4b, which states 
that the flux due to film diffusion is balanced by the fluxes of 
both surface and pore diffusion at r = R .  Equation 7b, on the 
other hand, does not have these drawbacks; it can be applied 
for the cases of pore diffusion alone, surface diffusion alone, 
or parallel pore and surface diffusion. More detailed deriva- 
tion and discussion of the two key boundary conditions, Eqs. 
4b and 7b, are given in Appendix A. 

Adsorption Kinetics. For nonequilibrium adsorption in a 
multicomponent system, a generalized Langmuir kinetic 
equation has been proposed by Jin et al. (1994): 

where 0, = qi/qsi, and (b, is the surface availability function, 
which takes into account both steric hindrance and the com- 
petition between adsorbates; c$~ is a function of the surface 
coverages of all competing solutes. In the case of Langmuir 
kinetics c$~ = 1 -EL e,. In general 4 is a complex function 
of the individual coverages and the relative sizes of all 
solutes. When the finite sizes of hard disc adsorbates are 
considered, the availability function based on the scaled par- 
ticle theory (SPT) has been proposed previously (Talbot et 
al., 1994): 

where qsi is the saturation capacity for the ith adsorbate, aij 
is the ratio of the effective diameter of component i to that 
of component j .  We note that, in the limit of equilibrium, 
y ,  = 0, Eqs. 8a and 8b reduce to a set of isotherm equations. 

For single-component s!ystems, Eq. 8c resembles the 
Fowler-Guggenheim isotherm equation (Fowler and 
Guggenheim, 1960); they are equivalent at low surface cover- 
age. The SPT model has been successfully used to correlate 
data for hydrophobic adsorption of small molecules in gas 
and liquid systems, and the kinetic equation of this model has 
been used to predict the breakthroughs of lysozyme in an 
affinity column at different feed concentrations; at high cov- 
erage, significant improvement is obtained compared to what 
the Langmuir kinetic equation predicted. More importantly, 
correlated sorbent capacities are in close agreement with 
those calculated from molecule sizes and sorbent surface ar- 
eas (Jin et al., 1994). Therefore, Eq. 8c is used to correlate 
adsorption equilibrium data of two organic solutes in this 
study. 

For ion exchange systems, the fol- 
lowing mass action constants are usually used in correlating 
multicomponent equilibrium data: 

Mass Action Constant. 

(9a) 

where qi and qj are the concentrations of ion i and j on the 
solid surface respectively; cpi and cpj are the corresponding 
concentrations in the liquid phase; and Zi and Z j  are the 
valence of ion i and j ,  respectively. T h e  detailed algorithm 
for solving qi in a multicomponent system as a function of cj 
according to Eq. 9a can be found in Klein (1984). Implemen- 
tation of the mass action equation in VERSE-LC, a simula- 
tion package for multicomponent chromatography (Berninger 
et al., 1991), has been reported elsewhere (Ernest, 1994). 

When the adsorption kinetics are slow, the following mass 
action kinetic equations are used: 

(9b) 

Notice that when in equilibrium, Eq. 9b reduces to the equi- 
librium isotherm shown in Eq. 9a. 

To simplify 
the equations discussed, we defined the dimensionless vari- 
ables and rewrote the model equations in Appendix B. 

The equations in Appendix B are the complete set in di- 
mensionless form for the generalized model. We note that 
for multicomponent systems, only the convection rate is inde- 
pendent of solute properties; therefore, other transport rates 
are normalized by the convection rate. 

The general model can be used for both nonequilibrium 
and equilibrium adsorption where all the mass-transfer proc- 
esses are controlling. For specific cases, the actual values of 
the parameters defined in Eqs. B1 to B3 have to be deter- 
mined and can be used for establishing model selection crite- 
rion. Table 2 summarizes the conditions for model selection. 

There are mainly three quantities that determine the model 
selections: ( N p / m s ) ,  (Qk/NP) and ( @ k / m s ) .  Pore diffusion 

Generalized Model in Dimensionless Variables. 
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Table 2. Model Selection for Systems with Surface and Pore 
Diffusion* 

Appropriate Models Adsorption 
Kinetics Pore Surface Parallel 

*Subscript i is omitted 

is the dominant mechanism when Np >> KN,  (i.e., Dp >> 
Dsqskn/kd), or surface diffusion dominates when Np KNs 
( Dp << Dsq, k,/k,). Local equilibrium can be assumed when 
Qk B max( Np, lun,). More importantly, in the case of paral- 
lel diffusion, especially when Np/KN, = 1, equilibrium can be 
assumed only when ak >> 1 despite the fact that individual 
ratios (Qk/Np) and ( @ k / m s )  can be quite large. It is worth 
emphasizing that when K is large, that is, the affinity of a 
solute or the capacity of the sorbent is high, the parallel dif- 
fusion model is needed, because surface diffusion may domi- 
nate at low concentration, whereas pore diffusion may domi- 
nate at high concentration, as shown in the “Results and Dis- 
cussion” section. 

In parallel transport systems, if pore diffusion mechanism 
is assumed in interpreting experimental data, although the 
intrinsic pore and surface diffusivities may very well be con- 
stant, one can obtain a concentration-dependent apparent 
pore diffusion coefficient; the higher the concentration, the 
smaller the apparent pore diffusion coefficient. On the other 
hand, if surface diffusion mechanism is assumed, a concen- 
tration-dependent apparent surface diffusion coefficient re- 
sults; the higher the concentration, the higher the apparent 
surface diffusion coefficient. This is explained below. 

For a single-component system, in the case of local equilib- 
rium ( @ k  B 1) and when both pore and surface diffusion are 
important, the following apparent pore diffusion coefficient 
can be derived from the generalized model: 

1- Ep dq 

EP d C P  
D, - . DPapp = DP i- - (10a) 

Notice that this apparent pore diffusion coefficient strongly 
depends on the shape of the adsorption isotherm (Brecher et 
al., 1967; Ark, 1983; Riekert, 1985; Suzuki, 1982; Yoshida et 
al., 1994) as shown in Figure 1 for three typical isotherms. At 
infinitesimal concentration, the isotherm is linear, the appar- 
ent pore diffusion coefficient is a constant; therefore, parallel 
diffusion data can be analyzed by a pore diffusion model with 
a constant parallel pore diffusion coefficient, DPFpe, which, 
however, can be greater than the Brownian diffusivity if the 
K in Eq. B2 is sufficiently large. When the concentration is 
high enough to reach the nonlinear portion of the adsorption 
isotherm, the apparent pore diffusion coefficient becomes a 
function of the solute concentration; for the Langmuir 
isotherm, the apparent pore diffusion coefficient decreases 

120 

Langmuir 

Q 
(mg/mU 

30 

1 
I I I I I 

0 5 10 15 20 25 
Concentration (mg/ml) 

B.E.T. -tsL-L Langmui 

-0 5 10 15 20 25 
Concentration (mg/ml) 

Figure 1. Dependence of the apparent pore diffusion 
coefficient on the shape of the isotherms. 

9,KlCP 
1 + K * c ,  

Langmuir Equation: 9 = - where A = 9$,, B = K , .  

9, PC& 

(1 - C & ) [ l +  ( p - 1,Cdc;l’ 
BET Equation: 9 = 

qsCp(K1 + ZKZC,) 
S-Shape Equation: 9 = 

1 + K , c ,  + K,C2 - -  - ?  

where y,” = 69.19, K ,  = 0.073, K ,  = K,/4, p = 5 0 K , .  

with increasing Concentration. Therefore, when the solute 
affinity is high, the intraparticle diffusion cannot be de- 
scribed by a constant apparent pore diffusion model. Fur- 
thermore, even if the surface diffusion coefficient is small, 
the surface diffusional flux can still be large compared to that 
of pore diffusion, because of a large surface concentration 
gradient. 

If one considers only surface diffusion and lumps pore dif- 
fusion into surface diffusion, an analogous apparent surface 
diffusion coefficient can be derived, 

d C P  

l - E p  d q  
DSapp = 0, + - Ep D - .  (lob) 

One can see that Dsapp is concentration dependent and in- 
creases with increasing concentration for a Langmuir-type 
isotherm. 

In multicomponent chromatography, in the mixing region 
where solute bands are partially separated, more than one 
solute is present. Both the apparent pore and surface diffu- 
sion coefficient are complex, highly nonlinear functions of all 
the solute concentrations. The partial derivative (dqi/dcpi) 
may not be monotonic. Even for the Langmuir isotherm, 
strongly nonlinear dependence of the apparent diffusion co- 
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efficient on solute concentration can result. To model such 
processes, the parallel diffusion model has to be used in ad- 
dition to accurate information on adsorption kinetics and 
equilibria. 

Method of numerical analysis 
The set of proposed equations are solved using the orthog- 

onal collocation on finite element (OCFE) method (Villadsen 
and Michelsen, 1978). In solving the equations, we dis- 
cretized the z-axis to NA elements; on each element orthogo- 
nal polynomials are used for each component to interpolate 
the concentration profiles; in between two adjacent elements, 
continuity conditions are enforced. The whole particle is 
treated as one element and an orthogonal polynomial is used 
to interpolate the concentration profiles in both the pore and 
the solid phase. The algorithm and the integration routine 
used are the same as in Berninger et al. (1991). 

Any numerical method can introduce errors in a solution. 
Some of the errors cause extra dispersion on concentration 
waves that is not due to physical mechanisms (Lin et al., 1989). 
Such numerical dispersion introduced by a finite-difference 
scheme has been used to approximate the physical disper- 
sion, by choosing discretization and integration step sizes ac- 
cording to the Courant condition (Courant and Friedrichs, 
1948), which relates the step sizes to the solute distribution 
factor and the linear velocity (Lin et al., 1989). However, this 
approach is viable only in the case of a single-component sys- 
tem (Lin et al., 1989). For a multicomponent system, the dis- 
persion for each solute is different; therefore, a different step 
size has to be used for each component, and it is impossible 
to implement such an algorithm. 

Accuracy of an algorithm is crucial to the studies of diffu- 
sion-controlled processes. The first-order information, such 
as breakthrough time, or the retention time for a pulse, can 
be easily obtained from a finite-difference solution. By con- 
trast, the second-order information, such as dispersion on 
elution peaks or breakthroughs, requires higher than 
second-order accuracy of the numerical algorithm. It is shown 
that OCFE is of such high accuracy (Baker, 1983) and gives a 
more accurate account for the dispersion than typical finite- 
difference schemes (Ma and Guiochon, 1991). This is the key 
reason that OCFE was used in this study. 

In order to ensure convergence in our numerical solutions, 
all the simulation parameters are tested, including (1) num- 
ber of axial elements (NA); (2 )  number of axial collocation 
points (NA& (3) number of collocation points in the sorbent 
particle (NAP); (4) absolute tolerance (Abs); (5) relative toler- 
ance (R,);  and (6) integration time step (At) .  A numerical 
solution is considered converged in this study when increases 
in NA, NAc, NAP and decreases in Abs,  R,, and At  do not 
cause any change in the solution. In addition, we also bench- 
marked the converged solutions against two analytical soh- 
tions obtained from moment analysis (see next section) to en- 
sure that the numerical solutions are free of other errors. In 
this study, sufficient accuracy is obtained using the following 
simulation parameters: NA = 50-100; N,, = 2-4; NAP = 2-6; 
A,, = 0 . 0 0 1 ~ ~ ;  R,  = 0.1%; A t  = 0.01 bed volume. 

Equations for transport and adsorption shown in this work, 
as well as the isotherms and kinetic equations that are differ- 
ent from those reported previously (Berninger et al., 19911, 

have been integrated into the simulation package VERSE-LC. 
This package now takes into account axial dispersion, film 
mass-transfer resistance, parallel pore and surface diffusion, 
local equilibrium and nonequilibrium adsorption, as well as 
reactions in both liquid and solid phase. This study is mainly 
focused on the local equilibrium cases without any reactions. 
Studies on nonequilibrium adsorption here are limited to 
comparison of numerical solutions with an analytical solu- 
tion. Detailed studies on the effects of nonequilibrium ad- 
sorption using the pore diffusion model can be found else- 
where (Whitley et al., 1993; Jin et al., 1994). For the simula- 
tion of local equilibrium cases reported below, the parame- 
ters k ,  and k ,  are chosen to be sufficiently large so that Qk 
is much greater than unity and always much greater than Np 
or KN3. The ratio of k d k , ,  of course, should be equal to that 
of the equilibrium constant. 

Analytical solutions obtained from moment analysis for 
locally linearized kinetics or isotherms 

In chromatography simulations, when solute bands are 
partially separated, competition effects are strongest in the 
mixing zone where concentrations change significantly. It is 
in such regions that numerical dispersion has its strongest 
effect on the elution profiles (Ma et al., 1991). Although con- 
verged solutions can be obtained, large discrepancies are 
found in the interference zones calculated based on finite- 
difference schemes as a result of numerical dispersion (Lin et 
al., 19891, which depends in part on local solute concentra- 
tions. In order to simulate such competition effects accu- 
rately, the dispersion at different solute concentrations has to 
be understood. One way is to benchmark numerical solutions 
against analytical solutions, but there is no analytical solution 
available at present for the set of equations (Eqs. 1 to 7). 
Kucera (1965), Kubin (1965), Schneider and Smith (1968a) 
have reported moment analysis solutions for systems similar 
to those formulated in this work. Yet their solution is valid 
only when the isotherm is linear, or when the solute concen- 
trations are infinitely small; therefore, it cannot be used for 
benchmarking numerical solutions at finite concentrations. In 
the following, we extend their solutions for two cases-equi- 
librium parallel pore and surface diffusion, and nonequilib- 
rium pore diffusion-to pulse on plateau input conditions. 
The second-order central moment is then obtained at finite 
concentrations for these two cases, such that the dependence 
of dispersion on solute concentration can be analyzed. The 
main goal here is to use the analytical solutions as bench- 
marks for the numerical solutions so that accuracy and con- 
vergence of the numerical algorithm, as well as accuracy of 
the software coding, can be assured. 

In 
a single-component system, if the bed is preequilibrated with 
C i ,  Cp", and 8' followed by a small pulse perturbation, the 
appropriate mass-balance equation will have the following 
form: 

Equilibrium Parallel Pore and Surface Diffusion System. 

where ACp = Cp - C,", A 0 = 8 - 0 '. Note C," = C,", which is 
the feed concentration used to preequilibrate the column, and 
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all the derivatives are zero at C,”, 8’; only the equations per- 
taining to the perturbation are relevant here. 6, = 1 + K -  -+-  (18b) 

(l-Eb)Ep ( 
d B  1 ) * (  j p  lf) In this case, when the perturbations are small, solving Eq. 1 5 ~ ~  dCP c,”,eo 

11 for the first-order and second-order central moment with 
an impulse input (Kubin, 1965; Schneider and Smith, 1968a), 
we have (1-Eb)Ep ( K- dTp)2c: _ _  1 6, = 

Eb 8’ @k 

1- Eb 
, (12) Equations 16 and 17 are the solutions for the second-order 

central moment for a pulse on a plateau input condition. One 
can see that, when >> 1, Eq. 17 reduces to Eq. 16, the 
solution corresponding to the equilibrium case. Note here the 
pore phase concentration C: is equal to the bulk interstitial 
phase concentration c:. 

Usually in chromatography, the efficiency of a column is 
measured by the height of an equivalent theoretical plate 
(HETP) (Van Deemter et al., 1956), which is defined as 

where rp is the pulse width and T, is the first-order moment, 
for example, the retention time of the mass center of a peak. 
When Pe >> 2, the preceding equation reduces to 

(19) 

The solution for the second-order central moment is 
In this work, Eq. 19 is used as a benchmark for the HETP 
obtained from numerical solutions as discussed next. 

order moment is defined as (Suzuki, 1973; Kubin, 1965; 
Kucera, 1965) 

(14) Calculation of HETPfrom Numerical Solutions. The first- 

where, 

and the second-order central moment is defined as 
(1- E b k P  

1:: (7 - 7,)’Cb d T  

6, = 
15eb 

u,2 = (21) /?: c b  dr  
When Pe >> 4, Eq. 14 reduces to 

(16) 

Note when C,” -+ 0, Eqs. 15a and 15b are of the same form as 
for a linear isotherm. 

The first-order and 
the second-order central moment can be derived by solving 
the perturbed form of Eqs. B5 and B6 together with the lin- 
earized kinetic equation shown in Appendix C (Eq. ClO). The 
first-order moment for the nonequilibrium system is the same 
as for the equilibrium system, Eq. 13. The second-order cen- 
tral moment is 

Nonequilibrium Pore Diffusion Systems. 

Numerical solutions of column effluent histories are given 
concentrations as a function of time. To derive the first- and 
the second-order central moment defined earlier, a numeri- 
cal integration routine in FORTRAN is written, and the 
HETP is calculated using Eqs. 19, 20 and 21. Note the inte- 
gration in the denominator in Eqs. 20 and 21 is the peak 
area, which can be used to check the accuracy of the integra- 
tion algorithm. Also the integrated area depends on the num- 
ber of points obtained from the numerical solution routine. 
In this study, the simulation parameters used are such that 
the calculated area from the numerical solution is within 3% 
of what was injected and sufficient accuracy is achieved as 
shown in the results. 

(17) Results and Discussion 

where 
HETP values are obtained from numerical solutions and 

are benchmarked against those from the moment analysis. 
Parametric studies for single and binary systems are dis- 
cussed next. Finally, calculated breakthroughs are compared 
with experimental data for adsorption of two organic solutes 
and ion exchange of strontium. 

(18a) 
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Figure 2. Dependence of HETP on: (a) surface diffusion 
coefficient and (b) loading concentration. 
Line: calculated from Eqs. 16 and 19. Symbols: obtained 
from simulation with: (a) an impulse input condition; (b) a 
pulse on a plateau input condition. Circles: 0, = 5 X lo-' 
cmz/min. Triangles: D, = 5 x lo-' cm2/min. Dp = 5 X 
cm2/min. Additional simulation parameters are listed in 
Table 3. 

Benchmark of numerical solutions 
The benchmark results are shown in Figures 2 and 3. The 

parameters for numerical simulation are listed in Table 3. 
The HETP from the numerical solutions are calculated based 
on Eqs. 19, 20 and 21. Below we compare the HETP ob- 
tained from the numerical solutions with those from moment 
analysis over a wide range of pore diffusion coefficient, sur- 
face diffusion coefficient, solute affinity, and solute concen- 
tration. 
Equilibrium Parallel Pore and Surface Diffusion. In Figure 

2a, HETP vs. surface diffusion from the analytical solution 
are compared with those from simulation. In the simulation, 
a small pulse input is used. The surface diffusion coefficient 
is varied from lo-'' to 1 cm2/min, while the pore diffusivity 
is kept constant. As shown in the figure, the calculated solu- 
tion is in agreement with the analytical solution. We see that 
at the two extremes of the 0, values shown in the figure, 

9 4  a 
., c 

I I I 
-2 -1 0 1 2 3 

log(ka) ([k,]min-'mg-'ml) 

, 
I I 

60 80 
Concentration (mg/ml) 

Figure 3. Dependence of HETP on: (a) adsorption rate 
constant and (b) feed concentration when ad- 
sorption kinetics is slow. 
Simulation parameters are listed in Table 3. Line: from Eqs. 
17 and 19. Symbols: from simulation with an impulse input 
condition using Eqs. 19, 20 and 21. k, = 0.0731. Triangles: 
Dp = 5 X cm2/min. Circles: Dp = 5 X lo-' cm2/min. 

HETP is controlled by Dp and k, when 0, is small, whereas 
only HETP is controlled by k, when 0, or Dp is large. This 
is implied by Eq. 15b, because when 0, is large, so is Npapp, 
and l/Np,,, in Eq. 15b vanishes. 

At high concentration, HETP can be found from Eqs. 13, 
15, 16, and 19 for a pulse on a plateau condition. Corre- 
sponding simulation is done using the pulse on a plateau in- 
put condition in VERSE. Figure 2b compares the HETPs 
calculated from simulations with those from the analytical so- 
lutions at different concentrations. Two cases are examined 
with different Ds values, while Dp is kept constant. The sim- 
ulation results agree with those from the analytical solutions 
for both cases. 

Figure 3a shows the de- 
pendence of HETP on the adsorption rate constant k ,  for a 
nonequilibrium pore diffusion case, where k ,  values range 
from 0.07 to 800, which are selected to cover a wide range of 

Nonequilibriurn Pore DiffuJion. 

Table 3. System Parameters for HETP Simulation* 
€b ID (an) R( pm) F,(mL/rnin) Lkm) EP 

Column 25 0.702 0.391 0.45 10 0.5 
Isotherm La n g m u i r A* B 

5.061 0.07314 

69.19 7.314 1o.Ooo 
Kinetic 4s k,(mg.min/ml)-' kd(min)- 

Mass transfer Eb(crn2/rninz) 
3.124 X 10- 

kf(cm/min) 
6.483 X lo-* 

*The unit of the solid-phase concentration is per solid volume of stationary phase. T~ I 0.025. 
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Figure 4. Single solute breakthroughs from pore and 
surface diffusion models at loading concen- 
trations of 3, 5, 10 and 15 mq'mL. 
Simulation parameters are listed in Table 4. (a) Pore diffu- 
sion; (b) surface diffusion; (c) pore, surface, and parallei 
(combined) diffusion in a linear isotherm region; (d) pore, 
surface, and parallel diffusion in a slightly nonlinear 
isotherm region; (e) pore, surface, and parallel diffusion in a 
highly nonlinear isotherm region. 

analytical and preparative systems. The calculated HETPs 
agree with those from the analytical solution. Note when k ,  
is less than 1.0, split peak results (peaks are not shown here), 
in which case the HETP is not properly defined, yet the cal- 
culated values using Eqs. 19, 20 and 21 from the numerical 
solution agree very well with those of the analytical solution. 
Figure 3b shows the calculated HETPs at different loading 
concentrations under nonequilibrium conditions. Agreement 
between theoretical and simulation solutions is also achieved. 
Here, two cases with different pore diffusivities are exam- 
ined. Change of the diffusivity by 10-fold does not have sig- 
nificant effect on the HETP, indicating that slow adsorption 
is controlling. 

More benchmarks, which are not included here, have been 
done at different values of N,, Np, Nf, K ,  and Qk. Similar 
agreement has been achieved for all cases. This assures that 
the code is properly implemented and the numerical method 
is of sufficient accuracy. 

In the following, we discuss the calculated breakthrough 
curves from single and binary systems. The simulation param- 
eters used for these studies are based on a typical hydropho- 

bic adsorption system. The purpose of the simulation is to 
show characteristic breakthrough behavior in a nonlinear 
isotherm system. 

Eflects of concentration and solute afinity on break- 
through curves of a single solute 

In this section, single solute breakthroughs for a Langmuir 
isotherm case are examined with the parallel diffusion model. 
This isotherm is used because it is well known and mathe- 
matically simple. 

Figure 4 compares the breakthrough predictions from the 
pore and the surface diffusion models in linear and nonlinear 
isotherm regions. Note that the apparent pore diffusion coefi- 
cient at zero coverage is kept constant for all cases, meaning that 
in a linear isotherm region or at infinitesimal concentrations, 
breakthroughs predicted fiom the pore diffusion model are iden- 
tical to those from the surface diffusion model. Figure 4a shows 
that in pore diffusion as step change in concentration in- 
creases, breakthroughs become steeper, because pore diffu- 
sion flux increases and self-sharpening due to increasing 
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Figure 5. Column profiles for the cases in Figure 4 and 
q vs. cp plot at four collocation points (1= 
inner, 4 =outer) at 6.5 min. 
Simulation parameters are the same as those in Figure 4. (a) 
Solid-phase axial concentration profiles for pore diffusion; 
(b) pore phase axial Concentration profile for pore diffusion; 
(c) solid phase axial concentration profiles for surface diffu- 
sion; (d) pore phase axial concentration profiles for surface 
diffusion; (e) q and cp plot at all collocation points. 

isotherm nonlinearity also increases. In the case of surface 
diffusion, although the breakthrough curves are sharpened in 
nonlinear isotherm regions (Figures 4d and 4e) compared to 
that in the linear isotherm region (Figure 4c), breakthroughs 
show more pronounced tailing with increasing step change in 
concentration (Figure 4b). This tailing is due to a finite ad- 
sorption capacity and is further explained in Figure 5. 

Figure 4c compares the breakthroughs for surface diffu- 
sion, pore diffusion, and parallel diffusion at a low feed con- 
centration, where the isotherm is linear and the apparent 
surface and pore diffusion coefficients are identical. As ex- 
pected, the breakthroughs for all models are the same. In 
Figure 4d the feed concentration is in a slightly nonlinear 
isotherm region (see Figure 5e). The breakthrough curve from 
parallel diffusion is in between those of the pore and surface 
diffusion. However, when the concentration step spans a 

highly nonlinear isotherm region, as shown in Figure 4e, al- 
though the same apparent DS,, and Dpapp are used for all 
three cases, the breakthrough curve from parallel diffusion 
shifts toward that of pore diffusion, indicating apparent dom- 
inance of pore diffusion over surface diffusion. Therefore, for 
high-affinity or high-capacity systems, the parallel model has 
to be used when the intrinsic 0, is nonzero, because the 
dominant intraparticle diffusion mechanisms at low and high 
concentrations are different; the breakthrough curves over a 
wide concentration range cannot be described by an effective 
pore diffusion coefficient or an effective surface diffusion co- 
efficient using the single-diffusion models. 

Note in the surface diffusion case that the breakthrough of 
high feed concentration is asymmetric and occurs earlier than 
that from pore diffusion. Such tailing and early breakthrough 
are caused by the slow diffusion on the surface compared to 
those in the pore phase; Fiigure 5 shows the column profiles 
at four different collocation points (along radial direction) at 
6.5 min after the introduction of the solute. There are large 
differences between the profiles in Figures 5a and 5b and 
those shown in Figures 5c and 5d along the column axial di- 
rection. In the case of surface diffusion (Figures 5c and 5d), 
the apparent intraparticle diffusion coefficient is maximum 
when the surface is clean, resulting in a sharper change in 
the breakthrough concentration. When the breakthrough 
concentration reaches the nonlinear isotherm region, the sur- 
face concentration gradient reaches a limit because of limited 
surface adsorption capacity., resulting in an overall intraparti- 
cle diffusion flux that is lower than that of pore diffusion; this 
causes the early breakthrough and the pronounced tailing as 
shown in Figure 4b. In contrast, the concentration gradient 
for pore diffusion increases proportionally with increasing 
concentration; the self-sharpening effects are not impeded by 
any limitation of intraparticle diffusion. Therefore, the 
breakthroughs remain sharp and symmetric as shown in Fig- 
ure 4a. In the simulation, solid- and liquid-phase concentra- 
tions were found, as expected, to follow the equilibrium 
isotherm at all collocation points (Figure 5e). 

Tailing in a breakthrough curve can also be caused by a 
gradually decreasing adsorption rate due to steric blocking of 
the adsorbed molecules at high surface coverage in nonequi- 
librium adsorption. The slowing down of the adsorption rate 
also results in dispersed breakthroughs at high concentration 
(Jin et al., 1994). The slow approach to saturation caused by 
surface diffusion and by steric hindrance of adsorbates can 
be differentiated as follows; the steric blocking of the ad- 
sorbed molecules usually gives rise to a non-Langmuir 
isotherm and thus a nonlinear Scatchard plot. If the Scatchard 
plot is linear and breakthrough curves become more asym- 
metric and dispersed with increasing concentration, surface 
diffusion, instead of steric blocking, is likely the cause of tail- 
ing. 

Effect of paralkd dimsion on binary system breakthroughs 
Figure 6 compares the breakthroughs from the pore and 

the surface diffusion model where the apparent diffusion co- 
efficient of the high-affinity solute (H) is ten times of the 
low-affinity solute (L). Three cases are shown: pore diffusion, 
surface diffusion, and parallel diffusion. The apparent pore 
diffusion coefficients in all three cases are identical in linear 
isotherm regions. Figure 7 shows the same cases as in Figure 
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Binary breakthroughs from pore, parallel, and 
surface diffusion models. 

6 except the apparent pore diffusion coefficient of the less 
retained is now ten times of the more retained. We see that 
when the less retained species diffuses faster in the particle 
than the more retained solute, elution order change is pre- 
dicted by the surface and the parallel diffusion model, but 
not predicted by the pore diffusion model. When two species 
have different intraparticle diffusion rates, separation occurs 
(defined as “kinetic separation’?. When the apparent diffu- 
sion coefficient of the more retained species is ten times larger 
than the less retained species, the separation governed by ad- 
sorption isotherm is enhanced by kinetic separation (Figure 
6). If the adsorption affinity of the fast-diffusing solute is less 
than that of the slow-diffusing solute, kinetic separation is 
against that determined by the equilibrium isotherms, caus- 
ing the elution order reversal, as shown in Figure 7. In con- 
trast, the pore diffusion model predicts that separations gov- 
erned by the equilibrium isotherm are dominant because of 
the large concentration gradient in the liquid pore phase at 
high concentration. Figure 8 shows the column profiles, taken 
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7. Comparison of binary breakthroughs from 

pore, surface, and parallel diffusion. 
The two solutes have different apparent diffusion coeffi- 
cients. Do,, = lo-’ crn2/min = lox D,,,,. Other parame- 
ters are the same as in Figure 6. 

I 
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diffusion model in Figure 7. 
Figure 8. Axial column profiles at 2.5 min for the pore 

Only the concentrations at three particle collocation points 
1 (inner), 3, and 5 (near the particle surface) are shown. (a) 
Solid phase concentration for pore diffusion; (b) pore phase 
concentration for pore diffusion; (c) solid phase concentra- 
tion for surface diffusion; (d) pore phase concentration for 
surface diffusion. Thick line: high affinity solute; thin line: 
low affinity solute. 
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Binary breakthroughs from the pore and sur- 
face diffusion models. 
The two solutes have different transport mechanisms. Other 
parameters are the same as in Figure 6. (a) D = 3.2838X 

- 0; D,, = f.0419 X lo-’ 
cm2/min. (b) D , = 2.4878X 1644-cmz/min; DsL = 0; DpH = 
0; D,, = 1 . 0 3 1 4 ~  lo-’ cm’hnin. 

cmz/min; DrH = 0; D 

2.5 minutes after the introduction of the solutes, for the pore 
diffusion and the surface diffusion cases of Figure 7. We see 
in Figure 8c and 8d that the surface diffusion model predicts 
the elution order governed by the isotherm in the interior 
collocation point (point l), but at an outer collocation point 
the elution order is reversed (point 5). The high affinity 
solute band crosses the low affinity solute band at the middle 
point (point 3). 

Figure 9 compares the breakthroughs when the diffusion 
mechanisms of two solutes are different; that is, one through 
pore diffusion, the other through surface diffusion. If pore 
diffusion is dominant for the more retained solute and sur- 
face diffusion is dominant for the less retained solute, sepa- 
ration is enhanced (Figure 9a). In contrast, if pore diffusion 
is dominant for the less retained solute and surface diffusion 

is dominant for the more retained solute, separation of the 
two fronts is impeded (Figure 9b); there is an elution order 
change similar to that shown in Figure 7c. Note that the ap- 
parent diffusion coefficients of the two components are kept 
identical in the two cases. 

Comparison of simulation with experimental data 
Adsorption of DMP and DCP on Actiuated Carbon. The ex- 

perimental data for the adsorption of dimethylphenol (DMP) 
and dichlorophenol (DCR) on activated carbon were ob- 
tained from Thacker et a]. (1984). In the original reference, 
many more breakthrough curves under different experimen- 
tal conditions were reported. The original authors applied a 
surface diffusion model and a consistent set of equilibrium 
and mass-transfer parameters to explain the breakthrough 
curves. Only a typical case is analyzed in this study and pre- 
sented below. The original studies used an equilibrium ad- 
sorption model without considering axial dispersion or pore 
diffusion. In the current work, all these effects are included, 
and a generalized parallel diffusion model for both equilib- 
rium and nonequilibrium adsorption is developed. Because 
of these fundamental differences, mass-balance equations as 
well as boundary conditions are different from those in the 
original reference. 

In the experiment shown below, the solutions contained 
0.05-M phosphate buffer to maintain the pH at 6, at which 
the neutral forms of the two phenolic species were dominant. 
The equilibrium data were obtained from batch equilibration 
tests and the equilibrium liquid and solid phase concentra- 
tions were given in Table 3 of Thacker et al. (1984). Detailed 
descriptions of the experiments are given-in the original ref- 
erence. The equilibrium and kinetic parameters and the ex- 
perimental system parameters used in the simulation are 
listed in Table 6. 

Figure 10 shows the adsorption equilibrium data for DMP 
and DCP and the comparison between the data and predic- 
tions from different isotherm models. The SYSNLIN, a pro- 
cedure in SAS that treats multiobjective and multivariant sys- 
tems, is used for the correlation. Note that three isotherm 
models are used in correlating the experimental data: the 
modified ideal adsorbed solution (IAS) model (Thacker et al., 
1984), the SPT (Eq. 8c), and the Langmuir model. Figure 10a 
and 10b compare the modified Freundlich correlations from 
the original reference and the SPT for single-component 
isotherms. Figure 1Oc and 10d compare the binary data with 
the predictions from Langmuir, modified IAS, and SPT (the 
data and the modified IAS predictions were from Table 3 in 

Table 4. System Parameters for Single Component Simulation 
ID (cm) R GLm) F, (mL/min) €b 

0.391 0.45 50 0.5 Column L (cm) CP 
25 0.702 

Isotherm A* * B 

Kinetic 4s k ,  (mg.min/mL)-’ k ,  (mi&’ 

Mass transfer D; (cm2/min) D,* (cm2/min> E,(cm2/min) k (cm/min) 

Dimensionless Qk 

5.061 0.07314 

69.19 7,314 10,000 

5.0X LOX 10-5 3.124 X 6.483 X lo-’ 
K 
2.1482 N, Nf 

2219  1.244 1.884 X 10’ h.mn x 1 n5 

*The values shown here are the intrinsic pore and surface diffusion values. 
**The unit of the solid-phase concentration is per solid volume of stationary phase. 
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Table 5. System Parameters for Two Component Simulations 
ID (cm) R ( p m )  F, (mL/min) €b 

0.391 0.45 25 0.5 
Column L icm) 5 i n  0.702 

'42 4 
75.00 1.00 

~ Isotherm A' 4 
56.25 0.75 

Kinetic 4s k ,  (mg.min/mL)-' k ,  (min)-' 
Solute 1 75 750 1,000 
Solute 2 75 1,000 1,000 

Solute 1 1.0 x 10- 1.0 x 10- 
Solute 2 LOX 10-5 1.0 x 10- 

Mass Transfer D,* (cm2/min) D,* (cm2/min) 

K 
23.878 Solute 1 2.970 X l o4  

Solute 2 3.960 X l o4  1.990 1.990 3.797 x 102 31.837 

N, Nf 
3 9 0  1.990 3.797x 102 

Dimensionless @k 

*The values shown here are the intrinsic pore and surface diffusion as in Eq. 10a. Other simulation parameters, which are not shown here, are the same 
as in Table 4 for both solutes. 

Thacker et al., 1984). Note that the data points presented in 
Figure 1Oc are at different DCP concentrations, and the data 
points in Figure 10d are at different DMP concentrations. 
This results in nonsmooth prediction curves as shown in both 
figures. The predictions from SPT are not as good as those 
from the modified IAS, because there are only four fitted 
parameters in SPT, whereas there are eight fitted parameters 
in the modified IAS (Thacker et al., 1984). In spite of the 
differences in the isotherm correlations, sequential loading 
curves are well predicted by the SPT, as shown below. 

The isotherm parameters obtained from fitting the batch 
equilibration data (Figure 10) are used in VERSE to simu- 
late sequential loading. Other parameters, including D, and 
k,, are obtained from Thacker et al. (1984). Note in this ex- 
ample and the next, the large rate constants, k ,  and k,, are 
chosen so that local equilibrium is maintained. 

Figure 11 compares the simulation results with the break- 
through curve. After the column is saturated with 0.990 
mmole/L of DMP at t=1,202 min, the adsorbed DMP is 
displaced by sequential loading of a mixture of 1.020 mmol/L 
of DCP (squares) and 0.990 mmol/L of DMP (circles). The 
simulation from surface diffusion (solid lines) and experimen- 
tal data point (symbols) are shown in Figure l la .  Three simu- 
lation curves from the pore diffusion model using different 
pore diffusion coefficients are compared with the data in Fig- 
ure l l b .  Clearly, in a highly nonlinear isotherm region, the 
pore diffusion model cannot account for the shape of the se- 

quential breakthrough curves; when Dp is small, a hump oc- 
curs in the breakthrough of DMP, while when Dp is large 
(larger than the Brownian diffusivity), the breakthrough be- 
comes sharper and occurs later than the experimental data; 
in addition, the DMP peak displaced by DCP and the break- 
through of DCP are poorly fitted. On the other hand, good 
agreement is achieved using the surface diffusion model, in- 
dicating that surface diffusion is dominant. The initial sharp 
rise and the subsequent tailing in the breakthrough data show 
the characteristics of surface diffusion in nonlinear isotherm 
systems (Figure 4b). The dominance of surface diffusion can 
be attributed to the high solute affinities; the K in Eq. B2 is 
quite high, about lo5. Because of the high affinities, very lit- 
tle DMP and DCP remain in the pore fluid to generate sig- 
nificant concentration gradients for pore diffusion. More- 
over, activated carbon is known to have many small pores 
(NOH et al., 1992), which can hinder pore diffusion and result 
in small Dp values, making pore diffusion contributions neg- 
ligible compared to those of surface diffusion. 

ion-Exchange of Strontium, Sodium, and Calcium in Zeolite. 
The experimental data were obtained from Mercer and Ames 
(1963). In their study, competitive isotherm data were ob- 
tained from batch equilibration tests, and were correlated by 
three mass action constants. Zeolite was prepared in sodium 
form with saturated sodium chloride solution; it was washed 
with water and packed in water before the feed containing 
0.2N N:, 0.07N S:+, and 0.02N C:+ was introduced into 

Table 6. Adsorption of DMP and DCP on Activated Carbon 

ID (cm) R ( wm) F, (mL/min) €b 
254 33.114 

Column L (cm) €P 
5.05 0.62 0.40 1.88 

Isotherm D 4s Kl 
DMP 1 9.016 1.034X lo4 
DCP 0.931 10.407 1.341 X l o 4  

Kinetic P 4s k ,  (M.min)-' k ,  irninl-' 
DMP 1 9.016 1.034X lo6  100 
DCP 0.931 10.407 1.341 X lo6 100 

DMP 3.500X 2.472 X 10- 2.973 0.287 
DCP 4.000 X 3.030X lo- '  2.973 0.287 

Mass Transfer Dp* (cm2/min) D,* (cm2/min) E, (cmz/min) kf (cm/min) 

K 
5.715 X l o 4  DMP 2.080 X 10' 

DCP 2.262 X l o 6  1.050 X l o - '  7.952 X 8.610 8.555 X lo4 

Ns Nf 
2 8 6 X  6.488~10-5 8.610 

Dimensionless *k 

*The values of the diffusion coefficient listed here are for single-diffusion models. 
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Figure 10. Single-component and binary and equilib- 
rium adsorption data for DCP and DMP. 
(a) DMP isotherm; solid line with symbols: three-parame- 
ter Freundlich isotherm; solid line only: SPT isotherm; (b) 
DCP isothem; same convention as in Figure 10a; (c) and 
(d) solid line with dots: best fit from the equilibrium form 
of SPT equation. The parameters are listed in Table 6. 
Dashed line: best fit from the binary Langmuir equation. 

Squares: best fit from the modified IAS (Table 3, Thacker 
A ,  = 26.111; A ,  = 86.387; K ,  = 8.925, K, = 35.652. 

the column. The breakthrough experiments were performed 
at 80°C. Detailed descriptions of the experiments were given 
in the original reference. 

The column and isotherm parameters for the simulation, 
listed in Table 7, are obtained from the original reference. 
The Brownian diffusivities of Sr++ at 80°C were reported by 
Mercer and Ames (1963). The Brownian diffusivities at 25°C 
for calcium and sodium are obtained from Cussler (1984) and 
corrected to 80°C using the Stokes-Einstein equation. Ide- 
ally, the pore diffusion coefficient of a solute should be ob- 
tained from the tortuosity factor of the sorbent and the 
Brownian diffusivity of the solute. The tortuosity factor can 
be determined from a pulse elution of a small nonadsorbing 
molecule (Miyabe et al., 1992). A n  apparent pore diffusion 
coefficient can be obtained from pulse-elution data using Eqs. 
14 and 16. Then D, can be estimated from Eq. 10a. However, 
in this case, neither pore nor surface diffusion coefficient is 
known from the original reference. The best fits are obtained 
by varying the pore and the surface diffusion coefficients, re- 

cfco 

0 500 1000 1500 2000 2500 

TIME (min) 

1.6 - 
1.2 - 

dC0 0.8- 

0.4 - 
0 -  

I 
I I I I 

500 1000 1500 2000 2500 

TIME (min) 

Figure 11. Simulation with experimental data for se- 
quential adsorption of DMP (circles) and DCP 
(squares) on activated carbon. 
Simulation parameters are listed in Table 6. (a) Thick solid 
lines: simulation from surface diffusion. (b) Simulation 
from pore diffusion. Thick line? DPDMp = 1.750 x 
cmymin; Dp, = 2.00x cm2/inin. Thin lines: DpD,, 
= 3.50 X lo-' cm2/min; Dp cp = 4.00 X cmymin. 
Lines with dots: DpDMP = 1.25 X cmymin; DpDCp = 
1.35X cmymin. 

spectively, in the single-diffusion models, while keeping the 
tortuosity constant. 

In a multicomponent system, the diffusion flux of a partic- 
ular ion is influenced by the concentration gradient of all the 
ions present because an electrostatic potential develops dur- 
ing diffusion-the so-called Nernst-Planck diffusion effect 
(Helfferich, 1983). This coupled diffusion phenomenon is 
most pronounced at low ionic strength ( < 1 mN) (Moynihan 
et al., 1988). The ion exchange system shown in Figure 12 has 
an ionic strength of 0.2N. The Nernst-Planck diffusion effect 
is expected to be insignificant for this system. Therefore, the 
use of Fick's law in the present model is justified. 

Figure 12 compares the predictions from the pore and sur- 
face diffusion models with the experimental breakthrough 
curves of Sr++ for four different particle sizes. We see that 
the single diffusion model predictions look reasonable. How- 
ever, a large apparent pore diffusion coefficient has to be 
used for the pore diffusion model, resulting in a tortuosity 
that is less than unity. This suggests that parallel diffusion is 
likely the intraparticle transport mechanism. It is also known 
from the literature that in micropores found in zeolites 
(Ruthven, 1984), surface diffusion is dominant, while pore 
diffusion is dominant in macropores, resulting in parallel 
transport (Robinson et al., 1994). For these reasons, we at- 
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Table 7. Ion Exchange for Sr ++ System Parameters 

€b  ID (cm) R ( ,urn)+ F, (mL/min) 
0.40 1.9 550 11.9 

Column L (cm) EP 
71 0.32 

Isotherm 4 s  K d  
Sr++ 7.204 1.850 
Ca++ 7.204 0.420 
Na+ 7.204 1.00 

k ,  (N-min)-' kd (min-'1 Kinetic 9 s  
Sr++ 7.204 1.850X lo4 104 
Ca++ 7.204 0.420X l o 4  104 
Na+ 7.204 I.OOOX 104 104 

Sr++ 1.080X 5 . $ 5 0 ~ 1 0 - ~  2.650X 2.188 2.022 x 10 - 1 
Mass Transfer Dm (cm2/min) D* (crn2/min) D,* (cm2/min) E, (cm*/min) k f  (cm/min) 

Ca++ 5.615 X 2.989 X 1.378 X 2.188 1.168X10-' 
Na+ 9 . 4 5 3 ~  10-4 5.033 X 2.319X 2.188 1.653 X 10- ' 

K 
28.320 

1.911 X 10' 6.429 
Sr++ 5.664 X lo5  3 8 0  
Ca++ 5.664 X l o 5  0.198 9.111 X 
Na' 5.664X l o 5  0.333 1.533X low3 2.705 X 10' 15.308 

Dimensionless @, Ns Nf 
1.752X10-3 3.309 X 10' 

*Only the intrinsic pore and surface diffusion coefficients used in the parallel diffusion model are listed here. 
'The largest particle size and the corresponding Nf, N , Ns, and ak are listed here. E ,  is obtained from the correlation reported by Chung and Wen 
(1968); kf is obtained from the correlation reported 6y Wilson and Geankoplis (1966); and the D, and D, listed here are, respectively, the best fit 
values of the pore diffusion and the surface diffusion models. 

tempted to explain the data using the parallel diffusion model. 
The thick solid lines in Figure 12 are predictions from the 
parallel diffusion model. In this case, the pore diffusion coef- 
ficient is 1 . 0 8 ~  lop4 cm2/min, which is estimated from the 
Brownian diffusivity (10.8 X 10-4cm3/min) reported in the 
original reference and a typical tortuosity factor of 3.3 for 
zeolites (Suzuki, 1990). The surface diffusion coefficient for 
Src+ was estimated from best fitting of the four break- 
throughs to be 2.65 x 10-6cm2/min. This estimated value is 
in the same order of magnitude as those reported in the liter- 
ature for other zeolites (Robinson et al., 1994). Since Srf+ 
has a fairly high affinity for the zeolite, the apparent surface 
diffusion coefficient Dsa,, estimated from the surface diffu- 
sion model should be close to the intrinsic 0,. After subtract- 
ing the estimated Dp from D,, , according to Eq. lob, a sur- 
face diffusion coefficient of 2.35 X 10-6cm2/min is obtained, 
and this value is used for the parallel diffusion simulation. 
One can see that reasonable predictions are obtained with 
the parallel diffusion model. 

For the smallest particle case, the predictions from all three 
diffusion models deviate from the experimental data. This can 
be attributed to the following facts. In the experiments, zeo- 
lite pellets (1/16 in.) were crushed and sieved into four differ- 
ent mesh sizes, 16 X 18,20 x 25,30 X 35, and 45 x 50. It is pos- 
sible that the distribution of macropores is substantially 
changed for the smallest (45 x 50 mesh) particles, and results 
in smaller pore diffusion coefficients. As shown in Figure 13, 
a 50% reduction in the pore diffusivities of all three ions 
gives a much closer prediction of the Sr++ breakthrough 
curve in Figure 12a. The misfit can also be due to nonideal 
packing of the small-particle column, which can cause a more 
dispersed breakthrough and an apparent uniform reduction 
of Dp for all solutes. 

In the original reference there are no breakthrough data 
on sodium and calcium; therefore, only the simulation pro- 
files are shown here. As indicated earlier, the bed was ini- 
tially loaded with sodium. After the feed is introduced, 
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sodium is displaced by calcium and strontium, causing the 
initial sodium concentration in the effluent to be higher than 
that in the feed. The calcium history displays a roll-up in the 
breakthrough curves as the high-affinity strontium displaces 
both calcium and sodium. In a parametric study (not shown 
here) when the diffusion coefficient of one solute changes, 
the breakthrough curves of the other two are greatly af- 
fected, indicating that intraparticle diffusion strongly affects 
competitive ion exchange in multicomponent systems. 

Conclusions 
A generalized model that incorporates both pore and sur- 

face diffusion for multicomponent adsorption and liquid 
chromatography has been formulated and solved numerically. 
Analytical solutions are obtained from moment analysis for 
locally linearized kinetics and equilibrium isotherm systems 
and used as benchmarks for numerical solutions. Agreement 
has been achieved over a wide range of concentration, affin- 
ity, pore diffusivity, and surface diffusivity. Model predictions 
are in close agreement with experimental data for two sys- 
tems: ion-exchange of strontium in zeolite for nuclear waste 
treatment and adsorption of organics on activated carbon for 
waste water treatment. 

Three ratios have been found to be critical to model selec- 
tions: (Np/KNs, (Qk/NP), and (Qk/ms). When Qk > 1 and 
Qk >> Np or KNs, local equilibrium is maintained. When KNs 
>> Np, surface diffusion is dominant, whereas when Np >> 

KN, ,  pore diffusion is dominant. When the solute affinities or 
the sorbent capacities are high, surface diffusion should be 
considered, even though the intrinsic surface diffusion coeffi- 
cients are small. 

Parametric studies of pore and surface diffusion for 
single-component and binary systems have been conducted. 
In linear isotherm systems, both pore and surface diffusion 
cause symmetric spreading of breakthrough curves. An effec- 
tive pore or surface diffusivity can be used in the respective 
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Figure 12. Simulations from pore, surface and parallel 
diffusion models with breakthrough data of 
Sr ++. 
The simulation parameters are listed in Table 7. For the 
parallel diffusion D = 1.08 x cm’fmin, and D, = 2.35 
X cmymin. Tkck solid line: parallel diffusion simu- 
lation. Thin solid line: surface diffusion simulation. Dashed 
line: pore diffusion simulation. Circles: experimental data 
from Mercer and Ames (1963). 

single-diffusion models for design and scale-up. However, in 
systems where both pore and surface diffusion are signifi- 
cant, an effective pore diffusion coefficient estimated from 
the pore diffusion model can be greater than Brownian diffu- 
sivity if the solute affinity is sufficiently large. In nonlinear 
systems, the two diffusion mechanisms have distinctly differ- 
ent effects on breakthroughs. Surface diffusion causes pro- 
nounced tailing, whereas pore diffusion causes relatively sym- 
metric spreading. In case of parallel diffusion, effective pore 
diffusion coefficient decreases with increasing concentration, 
whereas effective surface diffusion coefficient increases with 
increasing concentration. The single-diffusion models will not 
be able to give accurate predictions over a wide concentra- 
tion range, because surface diffusion may dominate at low 
concentration, whereas pore diffusion may dominate at high 
concentration. More important and interesting, in multicom- 
ponent systems, transport of high-affinity solutes may be 
dominated by surface diffusion, whereas transport of low-af- 
finity solutes may be dominated by pore diffusion; elution 
order can change in such parallel diffusion systems. For these 
reasons, the parallel diffusion model must be used for nonlin- 
ear multicomponent chromatography systems. 

o : : / /  0.2 

0.05 

0 do 120 !SO 240 3do 
TIME (mm) 

Figure 13. Elution histories of all three ions predicted 
from the pore diffusion model for the small- 
est particle size in Figure 12a. 
Simulation parameters are the same as in Figure 12 except 
that the pore diffusion coefficients for all three ions are 
reduced by 50%. 
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A = Langmuir isotherm constant 
B = Langmuir isotherm constant 

B -Biot number 4 I dimensionless feed concentration 
Dp = intraparticle pore diffusion coefficient 
F, =volumetric flow rate 
K =dimensionless equilibrium constant defined in Eq. B2 

K ,  = Langmuir isotherm constant 
K ,  =isotherm constant defined in Figure 1 

=mass action constant 
L =column length 
N =number of component 
N -dimensionless film mass-transfer coefficient (Eq. 83) 4 dimensionless pore diffusion coefficient 

N, =dimensionless surface diffusion coefficient 

Pe = bulk-phase Peclet number (Eq. B2) 
R =particle radius 

k ,  =adsorption rate constant 
kd = desorption rate constant 

r =radial position inside a particle 
uo =average linear interstitial velocity 
x =axial position inside column 
z =dimensionless axial position inside column (Eq. Bl) 

Npapp = dimensionless apparent pore diffusion coefficient 

Nsapp = dimensionless apparent surface diffusion coefficient 

=dimensionless adsorption rate 

Greeks letters 
ak =dimensionless adsorption rate constant (Eq. B2) 

p =isotherm constant in Figure 1 
eb =column interparticle void fraction 
eP =particle porosity 
6 =dimensionless radial position inside a particle (Eq. B1) 
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0 =dimensionless solid phase concentration (Eq. 8a) 
T, = dimensionless retention time 

Subscripts 
p =quantities associated with pore phase 
s =quantities associated with solid phase 
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Appendix A: Derivation of Pore and Solid Phase 
Boundary Conditions for the Generalized 
Nonequilibrium Model 

Four boundary conditions are needed for the pore phase 
and the solid phase mass-balance equations. Symmetric con- 
ditions can be used to give two conditions at r = 0. Yet, two 
more conditions are needed at r = R .  The flux from the liq- 
uid phase to the particle phase at the surface r = R + A R  
can be written 

J , ( r = R + A R ) =  k f [ c b - c , ( r = R + A R ) ] .  (Al) 

The pore and surface diffusion fluxes at r = R can be written 
as 

where J,  is the film mass-transfer flux, and Jd is the total 
diffusional flux. As A R  -+ 0, summation of J ,  and Jd has to 
be zero, since there is no accumulation on the control surface 
at r = R.  Then we have 

One more boundary condition is needed and should be inde- 
pendent of Eq. A3. A control volume, defined between R 
and R - AR,  is chosen. Mass balance for the solid phase 
concentration in the control volume can be written as fol- 
lows: 

- 4 ~  [ R2J,(r = R ) - ( R  - AR)2J,(r  = R - A R ) ]  

The J,(r = R - A R )  of the preceding equation can be ex- 
panded as 

J,( r = R - A R )  = J,( r = R )  - aJ, 1 A R . (A51 ar r = R  

The spatial derivative of the flux .Is at r = R is zero because 
there is no surface diffusion outside the particle ( r  > R).  
Therefore. 

( R  - AR)2J,(r = R - A R )  = ( R  - ARl2Js(r = R )  

= [ R 2 - 2 R A R + ( A R ) ’ ] J , ( r =  R ) .  (A6) 

Therefore, from Eqs. A4 and A6, we have 

- R2J,(r = R )  + [ R 2  - 2 R Q R  +(AR)21Js(r = R )  

By dropping the second-order term, we have 

-2RARl , ( r  = R )  = R2AR [ - 2 I r = R  - y +  

Therefore, 

Thus, Eqs. A3 and A9 give the coupled boundary conditions 
for both pore and solid phase concentrations for the parallel 
pore and surface diffusion models in the case of nonequilib- 
rium adsorption kinetics. Note that Eq. A9 is equivalent to 
setting the second-order spatial derivative to zero in the con- 
tinuity Eq. 5. 

Appendix B: Generalized Model in Dimensionless 
Variables 

To simplify the Eqs. 1-7 discussed in the text, we defined 
the following dimensionless variables, 

C .=-c kai . (B1)  
P l  

kdi 
P‘ 

The dimensionless equations for the generalized model are 
thus written as 

i = 1,2,  ... , N (B4) 
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(BS) 

where q = y l / (qskd) .  The boundary and initial conditions for 
the mobile phase are 

For the pore and the solid phase, the boundary and initial 
conditions are 

CPi=Cpi(7,E),  r=O, i = l , 2 ,  ... , N (B12) 

8 , = B i ( 7 , 5 ) ,  7 = 0  5 E [0,1]. (B13  

Appendix C: Derivation of the Local Linearized 
Kinetic Equation for the Nonequilibrium 
Pore Diffusion Model 

In a single component system, when the adsorption kinet- 
ics are slow, ak < 1, and if the bed is presaturated with C," 
and 8 O ,  with small perturbations, ACP and A 0, Eq. 8a can be 
written as 

Subtracting Eq. C1 from Eq. C2 and dropping the higher or- 
der terms with respect to ACp and A+, we have the per- 
turbed rate as 

Rearranging Eq. C3, we have 

Note that in the case of equilibrium, the following can be 
derived from Eq. 8c, 

6'8 4 

Equation C4 then becomes 

When C: and O o  are zero, (6' = 1, Eq. C6 becomes 

(C7) By,  = q,k,(AC, - AO).  

Thus, the linear kinetic equation in Schneider and Smith 
(1968a) is a special case of Eq. C6. Notice at equilibrium, 

therefore, we have, 

1 
ACp - A8 ae -I dCP c,",e" 

, (C9) 

which is the locally linearized kinetic equation. 
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